In this paper the dynamics of axisymmetric liquid columns held by capillary forces between two circular, concentric, solid disks is considered. The problem has been solved by using a onedimensional model known in the literature as the Cosserat model, which includes viscosity et&&s, where the axial velocity is considered constant in each section of the liquid bridge. The dynamic response of the bridge to an excitation consisting of a small-amplitude vibration of the supporting disks has been solved by linearizing the Cosserat model. It has been assumed that such excitation is harmonic so that the analysis has been performed in the frequency domain. The particular case of a cylindrical liquid bridge has been analytically studied and the transfer function has been calculated in the cases of oscillation of both disks (either in phase or in counterphase) or only of one of them. The resolution of the general formulation for a noncylindrical liquid bridge has been numerically made by using an implicit finite difference method. In this case, the inlluence of the volume of the liquid column and of the residual gravity level on the first resonance has been studied, and the results compared, for the inviscid case, with other potential models, both one and three dimensional. To demonstrate the usefulness of this theoretical model in predicting the vibrational behavior of axisymmetric viscous liquid bridges, some experiments have been performed by using the neutral buoyancy technique (also known as the Plateau technique) to simulate reduced gravity conditions, with good agreement between the results of the model and experiments.
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I. INTRODUCTION
A liquid bridge is an idealization of the fluid configuration appearing in the crystal growth technique, known as floating zone melting (Wilcoxi). The liquid bridge configuration, as sketched in Fig. 1 , consists of a mass of liquid held by surface tension forces between two parallel, coaxial, solid disks. Such fluid configuration can be identified by the following dimensionless parameters: the slenderness, A = L /2R,, where L is the distance between the disks and R, = (R, + R,)/2 is the mean radius, R, and R, being the radii of the supporting disks, the ratio of the radius of the smaller disk to the radius of the larger one, K = R JR2, the dimensionless volume of liquid, V-V/R i, V being the physical volume, the Bond number, B = pgR $,/a, and the capillary number (equal to the square root of the Ohnesorge number, Oh), C = r(p/aR,) "' = Ohl", wherep is the liquid density, g is the axial acceleration, (T is the surface tension, and Y is the kinematic viscosity.
The availability of fluid mechanics experiments in space has given rise to the study of the behavior of liquids under microgravity conditions (Myshkis et aL2) , the liquid bridge being one of the fluid configurations that is receiving increasing attention in those experiments. Many mechanical aspects of the liquid bridge problem have been extensively studied, both from a theoretical and an experimental point of j view. The stability of liquid bridges between equal disks has been studied by Haynes; 3 Erle, Gillette, and Dyson; " Gillette and Dyson; S Coriell and Cordes; 6 Martinez; 7 Boucher and Evans; 8 Slobozhanin; " Russo and Steen; " Perales; " and Boucher and Jones,i' among others. Some works deal with the effect of either unequal disks (Coriell, Hardy, and Cordes; I3 Da Riva and Martinez: r4 Meseguer; r5, r6 Martinez and Perales; " and Meseguer, Sanz, and Peralesr8) , nonanchored interfaces (Martinez7*'9 ) or nonplanar supporting disks ( Martinezm). The effect of the rotation on the stability has been studied by Brown and Scriven; 'l Da Riva; "2 Ungar and BrowmZ3 Vega and Perales; " and Perales, Sanz, and Rivas; "' been studied by Heywang; Martinez and Perales; " and Perales, Meseguer, and Martinez.28 The dynamics of the liquid bridge has been studied by using three-dimensional linearized models by Sanz;29 Bauer;30+31 Gaiian;32 and Sanz and L6pez-Diez;33 among others. Some attempts have been made to solve the problem of the dynamics of the liquid bridge when the supporting disks rotate (Da Riva and Meseguer; 34 Da Riva and Manzano; 3' Harriot and Brown; 36337 etc. ) , In order to simplify the problem formulation a one-dimensional slice model has been used by Meseguer;384 ' Meseguer, Sanz, and Rivas; 42 Meseguer and Sanz; 43344 Sanz; =' Meseguer, Sanz, and Meseguer and Sanz; "3 and Perales et a1., 28 whereas the maximum volume stability limit has been measured by Russo and Steen." The breaking process dynamics has been studied by Meseguer and Sanzd3 and Meseguer, Sanz, and L6pez, 5' and the liquid bridge formation by Martinez and Sanz'= and Sanz and Perales. The influence of the rotation has been measured by Carruthers and Grasso;54 Carruthers et a1.;55p56 Tagg et al.;=' Martinez;s8*59 and Martinez and Meseguer.60 The oscillatory behavior has been determined by Elagin, Levedev, and Tsmelev;" ' Sanz; 29 Martinez; 59 Martinez and Meseguer; On the other hand, some experimental works deal with the solidification process (Martinez et aL6=) and the influence of electrical fields (Gonzalez et aZ."3) .
In this paper we present a theoretical analysis, based on the Cosserat model, of the response of viscous axisymmetric liquid bridges due to axial vibrations of the supporting disks. Although several studies related to the vibration of liquid bridges have been published, these studies are concerned mainly with the inviscid resonance frequencies. In addition, some attempts have been made to study the viscous case; however, the published analyses45,46 refer mainly to very long liquid bridges, AZ Z-. Here the model used accounts for viscous liquid bridges with a wide range of slendernesses ( 1 <A<v). In addition, this model allows the calculation of not only resonance frequencies of such configurations, but also the frequency response of the liquid bridge. Finally, theoretical predictions are compared with experimental results obtained on Earth by using the neutral buoyancy technique, the experimental results being in good agreement with the theoretical ones.
To solve the problem a one-dimensional model has been used. This model is based on the one developed for capillary jet problems by Green,@ which applies the basic theory of a one-dimensional Cosserat continuum. It has also been used in capillary jet problems by Bogy,6s-68 and in liquid bridge problems by Meseguer"8 and Rivas and Meseguer.j6 It must be pointed out that although this model is equivalent to the Navier-Stokes equations in the limit A --) CO, it is not consistent with an asymptotic expansion of these equations in pow-. ers of A -' (see Appendix A). Of course, it would have been preferable to develop a consistent expansion starting from an approach similar to lubrication theory but, unfortunately, the resulting system is too much complicated. Nevertheless, the model used has proven to give useful results that are in agreement with other much more complex models and with experimental results.
In the following, unless otherwise stated, all physical quantities are made dimensionless using the characteristic length R, and the characteristic time (pR i/a) 1'2.
II. PROBLEM FORMULATION
In carrying out the analysis the following assumptions are introduced: It is assumed that the properties of both the liquid (density and viscosity) and the interface (surface tension) are uniform and constant, and that the effects of the gas surrounding the liquid bridge are negligible. In addition, since only axisymmetric configurations are considered, the problem is assumed to be independent of the azimuthal coordinate. Under such assumptions the set of nondimensional differential equations and boundary conditions of the Cosserat model of the axisymmetric, nonrotating viscous flow are the following (Meseguer"* and Rivas and Meseguerj6) : (a) continuity equation, W2), + W2W), = 0;
(1) (b) axial momentum equation,
(c) radial momentum equation
In these expressions F(z,t) is the dimensionless equation of the liquid-gas interface and W(z,t) the axial velocity at each plane parallel to the disks. Here 9 is an arbitrary function of z and t, which will be removed from the formulation, whereas P, (q,t> accounts for both hydrostatic and capillary pressures, as explained in the following. The subscripts t and z indicate derivatives with respect to the time and the axial coordinate, respectively.
The formulation must be completed with boundary conditions: (i) the interface must remain anchored to the disk edges; and (ii) the axial velocity at each one of the disks must be equal to that of the corresponding supporting disks [which are assumed to be in a known position function of the timegivenbyz,= -A+M.h;l,(t)andzz=A+h;12(t)]:
plus suitable initial conditions, (4) 
Equations (2) and (3) can be reduced to one single equation by elimination of 9' between (2) and (3). If we choose as working variables S = F', which represents the cross-sectional area at z, t, and Q = F2 W, which is proportional to the axial momentum of a slice, the above formulation becomes St + Qz = 0, (6) where
Boundary conditions are now
and initial conditions are
In addition, one more condition could be introduced stating the overall mass conservation during the evolution, that is
-A + Al,(t)
Concerning the above formulation it should be pointed out that boundary conditions must be fulfilled in two points whose position, although known, varies with time. To avoid the difficulties of this moving boundary condition a contraction of the axial coordinate is made and a new variable x is defined so that the interval of variation of the coordinate z (function of time) is mapped into a fixed interval. From the different possibilities, a simple linear mapping has been chosen:
where
gives the time variation of the position of the center of the liquid bridge (that point of the axis placed at every moment in the middle of the segment defined by the centers of the disks) and
is the variation with time of the distance between the disks. In the coordinates x,t the disks are fixed, and their positions are given by
Using the new variable, the problem formulation now reads f3, + x,S, + x,Q, = 0,
which must be solved with the boundary conditions Q( -A,t) = [g'(t) and the initial conditions
plus the condition of volume conservation,
If only small perturbations are considered [g(t) <c 1 and h(t) 4 11, the solution of the problem can be written as a static solution plus a small perturbation, i.e., S(x,t) = S,(x) + s(x,t), Q(x,t) = q(x,t),
Then, the introduction of these expressions in ( 17)-(22)) neglecting second-order terms, gives the following set of problems:
Zeroth-order problem: 
Bf -$(s,Ptx -&xqt 1 = +3cs,$ , [ (>I (28) 0xX
(33) -* Note that the zeroth-order problem consists on the determination of the equilibrium shape of a liquid bridge at rest, which can be solved with a method similar to the one used by Perales, Meseguer, and Martinez2* Concerning the first-order problem, the introduction of (29) into (28) allows the elimination of p. To eliminate s(x,t) from the formulation, Eqs. (28) and (29) should be used simultaneously to formulate the problem in terms of q(x,t), the resulting equation being G,q.xxxxt -t G&xxx + c,d?x.xx + C22kxtt f G4xxt + c2c&
where the functions C0 depend on the capillary number, C, the slenderness, A, and the equilibrium shape, S,, and its derivatives with respect to x (additional details can be obtained upon request to the authors). Equation (34) is fourth order in the variable x and, therefore, needs four boundary conditions to be solved. Two of them are given by Eq. (3 1) and the two remaining can be deduced from the boundary condition (30), which implies s, ( zk A$) = 0, (35) and, substituting into Eq. (27), the two new boundary conditions are qx(fA,t) = k'kh'lSo,(+A).
From now on to solve the problem the following steps should be followed: ( 1) solve the zeroth-order problem given by Eq. (24) and boundary conditions (25) and (26). Let S, = S,(x) be the solution of the zeroth-order problem. (2) The zeroth-order solution S, = S,(x) is introduced into Eq. (34) and boundary conditions (3 1) and (36). By solving this problem q = q(x,t) is obtained. (3) Once 4 = q(x,t) is known, integration of Eq. (27) with respect to time allows the calculation of s = s(x,t). (4) Once So(x), s(x,t), and q(x,t) are known, S(x,t) and Q(x,t) and therefore S(z,t) and Q(z,t) can be obtained from Eq. (23).
III. HARMONIC OSCILLATIONS OF A CYLINDRICAL-VOLUME LIQUID BRIDGE
The general formulation obtained in Sec. II has no apparent analytical solution, and it should be solved numerically (see Sec. IV). However, there is a case in which a simple analytical solution can be obtained; this occurs when the static equilibrium shape is that of a cylinder. This case is of great interest because, in spite of its simplicity, the simplified formulation maintains the qualitative behavior of the general problem.
It should be noted that the additional simplification of a cylindrical equilibrium shape implies that the supporting disks are equal in diameter (K = 1) , zero gravity is assumed (B = 0) and that the volume of the liquid bridge is equal to that of a cylinder ( V = 2n-A). In this case the solution of the zeroth-order problem is S,(x) = 1 and the first-order problem reduces to St + 4.x = 0, (37) 4t -&irxx = -PX -bCqnXc + 3cq.w (38)
From the mass conservation Eq. (37)) qX = -sI, and from boundary condition (40) the two additional boundary conditions for q(x,t) are qx ( f A,t> = 0. (42) Note that this formulation reduces to the slice model (Meseguer") by neglecting in Eq. (38) the term -{qrXX (neglecting radial inertial effects) and setting C = 0 (neglecting viscosity effects).
By following a similar process to the one explained for the general formulation, the following equation is obtained: 4tr -k&xx + kGx + +Lxx + g%Lxxx -=I,, = 0, (43) which must be solved with the boundary conditions:
If a harmonic excitation [g(t) = Re( Geio' ),h(t) = Re(Heimf ), where G and H are assumed to be real] is imposed the liquid bridge response can be written as q(x,t) = Re[g (x)e '"'] , (46) where &?J (x ) is a complex function of the real variable x.
The substitution of these expressions in expressions (43)- (45) yields
g (fA) =iw(G+H),
and then, if the solutions of this last problem are assumed to be of the form LZ? (x) = AeoX , the following characteristic equation results:
(1 +$wC)~~+ (1 +~~2-6iwC)82-2w2=0, (50) whose roots are f B,, f Q,,
e: = -1 -@2+6iwC
Thus the solution of the problem is the linear combination of the four elementary solutions exp ( 0,x), exp ( -0,x), exp( 0,x), exp ( -6',x) , which fulfills the boundary conditions (48) and (49). It should be pointed out that the formulation of the problem is linear and thus superposition of solutions for the symmetric case (in phase oscillation of the disks G # 0, H = 0) and antisymmetric case (counterphase oscillation G = 0, H # 0) can be used.
Once LS (x) has been obtained, the evolution of the liquid bridge shape perturbation s = s(x,t) can be obtained from the continuity equation. In effect, writing
where Y(x) is a complex function of the real variable x, from Eq. (37) one obtains
The final results as a function of the roots of the characteristic equation, (5 1) and (52) 
I
The response due to a symmetric excitation (in-phase oscillation of the disks G #O, H = 0) is antisymmetric in the liquid bridge shape (with respect to x = 0), whereas the antisymmetric excitation (counterphase oscillation G = 0, H #O) gives a symmetric response of the shape.
Note that although the conservation of volume [Eq. (33) ] has not been explicitly imposed, it should be pointed out that it is automatically fulfilled [due to the fulfillment of the local conservation of mass, Eq. (37) 1.
It could be of interest to compare the behavior of the liquid bridge response for low frequencies with the static behavior predicted by other authors. Following Meseguer, is the deformation of the liquid bridge interface when the liquid bridge volume is not that of a cylinder, or when a small residual axial gravity is considered, is given by
To compare our results with (56) it must be considered that, in the present model, the roots of the characteristic equation can be approximated, when excitation frequencies are small enough, w-+0, by the expressions (59) with Eq. (56) it must be taken into account that an in-phase oscillation of the disks (G #O, H = 0) can be reduced to a problem in which the positions of the disks remain constant with time by changing the origin of the coordinate system to the point x0 = g(f), but in this case inertia forces given by%(t) = -w2 Re( Geio' ) must be added. This is equivalent to considering that liquid bridge is excited by an oscillatory gravitational field with an intensity B(t) = Re(Be '"') ,sothatinthelimitw-+O,Eq.
(59) canbe written as
which is similar to Eq. (56) in the case of cylindrical volume.
To compare volume effects in the equilibrium shape it must be observed that the liquid bridge response due to an antisymmetric excitation corresponds to a change in slenderness, A,(t) = A + Re(He '"') , without change of volume (oscillatory stretching) and following Meseguer,15
This last expression can be approximated, in the case H-4 1, by S(x,t) = 1 -Re(He '"') cosx-cosA sin A -A cos A ' (63) which coincides with Eq. (56) when B = 0.
To estimate the accuracy of the Cosserat model the results obtained have been compared (Fig. 2) with those given by other models. Thus the first resonance frequency (the lowest frequency for which a maximum in the response, or an infinity if zero viscosity is assumed, appears) has been computed using the present model and the one-dimensional slice model of Meseguer3* and the three-dimensional model of Sanz29 (in the last case the influence of the outer bath has been neglected). In order to compare them, zero viscosity has been considered (C = 0) in the Cosserat model. Results here obtained are in agreement with those of Sanz29 up to values of the slenderness below A = 1, the differences increasing as A decreases, whereas the one-dimensional slice model is only valid for A > 2. The differences between Cosserat and slice model (both are one-dimensional models) are due to the radial momentum terms, which in the slice model are completely neglected, which are of importance when the slenderness of the liquid bridge is not too high.
In the following plots the liquid bridge response versus the frequency of the perturbation (transfer function) has been represented when subjected to several excitations. The liquid bridge response has been defined as in Meseguer, 4' as the ratio of the maximum interface deformation of the liquid bridge, in each cycle, to the amplitude of the perturbation.
According to this definition, in Figs vibrating in phase (Fig. 3 ) , when they are 180" out of phase (Fig. 4) , and when only one of the disks is oscillating (Fig.  5) .
Concerning the first of the three plots, it should be pointed out that the liquid bridge response becomes zero when w is small enough [the response is proportional to w2, see Eq. (59) 1, whereas for large values of w the response is of order of unity (except in the resonances, where it is much larger). In the counterphase case the behavior at low values of w is rather different. As o-0 the liquid bridge response becomes equal to a constant value [different from zero; see Eq. (60) ] because of the reason already stated: at low frequencies it can be assumed that the liquid bridge evolution is a quasistatic evolution, in which the liquid bridge interface is defined by the static equilibrium shape corresponding to the given volume and a slenderness that varies with time according to the separation between both disks.
Note also that frequencies of resonance in Fig. 4 are rather different from those appearing in Fig. 3 . The reason for this difference is that an in-phase excitation (which is a symmetric perturbation in respect to the planex = 0) causes an antisymmetric response (in respect to x = 0), whereas the contrary occurs in the counterphase case. Therefore, in the in-phase case only antisymmetric oscillation modes are excited and when the disks are oscillating in counterphase the only resonances appearing are those corresponding to symmetric oscillation modes (this behavior will be the same provided the liquid bridge configuration is symmetric with respect to x = 0, which means K = 1 and B = 0 no matter what the value of V is). Note that for the selected value A = 2.6 the value C = 1 is over the critical value (no resonances appear). The third perturbation considered has been the vibration of one of the disks, whereas the opposite one is kept at rest (Fig. 5) or, in other words, G = -H = a/2. This perturbation is the one usually used in experiments, and in this case both symmetric and nonsymmetric oscillation modes appear.
To compare with the results presented in Meseguer,"' obtained by using a one-dimensional slice model, in Fig. 6 the response of a liquid bridge subjected to an oscillatory microgravitational field has been plotted [B(t) = Re(B,e '"') , where B, = -o 'G] . In this case the liquid bridge response has a nonzero value when w-t0 [which is the static deformation of the interface when an axial Bond number is considered, Eq. ( 6 1 An interesting phenomenon widely used in experimentation is that at resonances the phase shift between the perturbation and the response is r/2. The phase shift between the perturbation and liquid bridge response has been represented in Fig. 7 . In this case the transfer function has been defined as the variation along a cycle of the interface radius at selected sections (z = -A/2,0,A/2).
As it can be observed, the phase shift is ?r/2 at the points where the transfer function is maximum (resonances), but it can be also observed that there are, depending on the considered section, some values of w in which the phase shift is 7-r/2 but they do not correspond to resonances. This effect should be carefully taken into account if it would be desired to design some device to automatically detect resonances based only on phase shift measurements.
To evaluate the influence of viscosity on the response of liquid bridges the attention has been focused mainly on the resonance corresponding to the first oscillation mode of liquid bridges subjected to an in-phase oscillation of the supporting disks. In Fig. 8 the variation with the viscosity parameter Cof the pulsation of resonance, w, has been plotted. As shown in the figure, as C increases w increases, but for each value of A, there is a value of C beyond which the maxi- enough. Another important effect due to viscosity is the decreasing of the maximum of the liquid bridge response at resonance (Fig. 9 ). Finally, it should be pointed out that this Cosserat model reproduces an experimental behavior, which can be observed when the exciting frequency is high enough. In such case only a small region of the liquid column, that close to the oscillating disk, is perturbed. If w is high enough the roots of the characteristic equation can be written as 0,s +2&z l9,s fw
and then, also taking into account that 8&O,, the following simplified expression for the liquid bridge interface results: in phase oscillation of the supporting disks, counterphase oscillation of the supporting disks,
According to these expressions the wave number of the interface deformation is Im (0,) and such interface deformawhere Cj (x) are complex functions of the real variable x, tion disappears at a distance of the order of l/Re ( 0,) from and ofC41, C409 C30, Cz2, C2 ,, Go, G 1, Cl,,, Colt C,, , and G, 1 , the oscillatory disk. The interface deformation of a typical which are real functions of x. configuration is shown in Fig. 10 . Observe that in this plot To solve the above formulation an implicit finite-differonly the half of the liquid bridge interface (that close to the ence method is used, with a centered five-point scheme for oscillating side) has been plotted. the evaluation of the spatial derivatives (Fig. 11)) x1= -A+2A(j/n), j= -2 ,..., n+2,
The dynamics of general-configuration liquid bridge (K # 1, B #O, V #2?rA) has been solved through a finite-I difference method, similar to the one used by Meseguer'i to solve the slice model in the case of an inviscid liquid bridge subjected to an oscillatory axial microgravity field.
In the following it is assumed that both the liquid bridge perturbation, g(t) and h(t), and the liquid bridge response, q(x,t) and s(x,r), are harmonic functions of time, i.e., g(t) = Re(GeiWf),
OJ xxxj = r -w%+, 
plus four additional equations, which are obtained from boundary conditions, This system of equations can be written in a more compact form as Once sJ is known atj= -2,...,n + 2 [note that (76) must be computed using complex algebra] Y, can be calculated at j = O,...,n through the continuity equation
It should be pointed out that prior to the solution of the problem of the dynamics it is necessary to calculate the static equilibrium shape S,, (xj ), since this equilibrium shape appears in the terms of matrix [A ] as well as in the vector {B} (additional details on the numerical method can be obtained upon request to the authors).
Before the results obtained are presented, it would be convenient to make some comments on the accuracy of the numerical computation. A typical feature of problems where surface-tension effects are present is the high order of the spatial derivatives involved (in our particular case, these derivatives have been calculated through a five-point scheme). Leaving aside the fact that the order of the approximation in the numerical evaluation of derivatives decreases as the order of differentiation increases, there is a source of error associated with the five-point scheme used, which arises when these derivatives are evaluated close to the boundary points. In effect, this scheme introduces four outer points (two external points at each disk) in which the vaIues of LZ must be calculated to fulfill boundary conditions. Since these outer values, which have no physical meaning, affect some terms of the matrix [A], they introduce some spurious information in calculations, whose effect decreases with the size (s of the spatial grid. Therefore the first computations have been performed, aiming at establishing the optimum of this grid size, solvingatestcase(A-2.6, V=2rrA,C=O,B=O,K= 1) several times, varying each time the number of steps n between the disks, and comparing the results obtained with the exact solution (note that the selected case may be solved by using the model presented in Sec. III). The results obtained are plotted in Fig. 12 , which shows that the first resonance pulsation w increases with n, but the rate of increase tends to zero for large values of n (the slope is practically zero at n = 60). The variation with n of the needed computation time, which increases potentially with n, is also presented in this plot. Therefore choosing a value for n is a tradeoff between accuracy and computing time. For all the computations from now on the value n = 40 has been used; this value gives, according to Fig. 12 , a resonance frequency already 99.5% of that obtained from the exact solution, whereas computing time is more than three times smaller than the one needed if n = 60 is chosen.
Although this model allows one to analyze the dependence of the liquid bridge oscillation on multiple parameters (A, V, K, C, B, w, G, and H), the results presented in the following mainly concern the effect on the solution of some of them ( V, K, and B) since the effect of the remainder have been already analyzed in Sec. III. It has also been assumed that the oscillation of both supporting disks are in phase and the analysis has been limited to the first frequency of resonance.
First of all, the results obtained with this model (particularly the influence of volume on the first oscillation mode) are compared with those obtained by Gaiian3' by using a three-dimensional inviscid model, and by Meseguer4' through a one-dimensional inviscid slice model (Fig.  13 ). Since these two last models are inviscid, in calculations it has been assumed that C = 0. According to this plot the agreement between three-dimensional results and that obtained with the Cosserat model is very good, even for a slenderness as low as A = 1.6 (which is the smaller value considered in Gaii6n3*).
The influence of volume and viscosity on the first frequency of resonance is shown in Fig. 14 . As it can be observed, w increases as C increases, and there is also a critical damping. In this plot it is shown that close to the critical damping w increases slightly as V decreases. This phenomenon can be explained by plotting the transfer function of liquid bridges having volumes close enough to that of the critical damping, as shown in Fig. 15 . In this plot it can be observed that the values of w corresponding to the first resonance (which are those corresponding to the maxima of the transfer functions) decrease as V decreases, except in the vicinity of the critical damping, where w increases (beyond the critical damping the transfer function has no maximum). Finally, in Fig Fig. 16 is rather different of that shown in Fig. 13 ; in that plot w decreases with V beyond the maximum, but the curve does not end at w = 0 but at some value w #O (as Vincreases the liquid bridge behavior becomes similar to that of a drop). On the other hand, in Fig. 16 the curve ends at w = 0, the reason being, as already explained, that as B increases a second minimum volume stability limit is reached.
V. EXPERIMENTAL RESULTS
A problem arising when experiments with axisymmetric liquid bridges of general configuration are performed is the large number of parameters involved. These parameters are the slenderness of the liquid bridge, A, the dimensionless volume of liquid, V, the ratio of the lower disk radius to the upper disk radius, K, the Bond number, B, the viscosity pa- rameter, C, and the dimensionless amplitude and frequency _ -of disks oscillation. Therefore, in order to maintain the experimental effort within reasonable limits, some selection of the values of the above-mentioned parameters is needed. In the experiments described in the following only liquid bridges between equal disks (K = 1) have been used.
Experiments have been performed in an apparatus called Tele-Operated Plateau Tank (TOPT) Facility already described by Sanz-And& et a1. 69 The working configuration consists of a column of silicone oil (with kinematic viscosity y = lo-' m2 set-' anddensityp=936kgm-") placed vertically inside a mixture of methanol and water of almost the same density of the silicone oil. The overall arrangement, as sketched in Fig. 17 , consists of a tank that contains the methanol-water mixture and the liquid bridge held between two coaxial disks. Both disks are made of Perspex, in the shape of a frustrum cone, to provide sharp edges, their diameter being 30 mm (K = 1). The injection and removal of working fluid is done through a 4 mm diam hole in the center of the upper disk. The working surface of the bottom disk is flat, whereas the one of the feeding disk presents a slight conicity, the purpose of which is to facilitate the evacuation through the injection hole of the air bubbles trapped in the liquid bridge. Working Huid injection and removal is done with a calibrated syringe, the piston of which is driven by a variable speed motor. Liquid displaced by the piston passes through the filling duct in which a threeway valve with a purge duct is connected aiming to trap air bubbles coming from the upper disk.
Background illumination consists of a 150 W fiber optic illuminator (similar to those used in microscopy). A CCD video camera, placed 1 m away, is used for image recording. To enhance the visualization of the shape of the liquid bridge (outline of its free surface) only one-half of the background illumination plane is illuminated. This type of illumination has been used because it allows the tracking of the interface, even if the bridge breaks into two drops. Automated image analysis has been developed, so that the liquid contour can be extracted in near real time from the video frames.
Prior to the description and analysis of the experiments on the dynamic response of axisymmetric liquid bridges, a set of previous tests will be presented. These previous tests concern the measurement of the surface tension between the Auid of the liquid column and the outer bath and on the influence of the amplitude of the perturbation on the liquid bridge response.
A. Measurement of surface tension
Since the value of the surface tension, a, appears in two of the dimensionless parameters [B = (pi -p,JgR :/CT, C = v(pi/o-R,) I", where pi and p0 are the densities of the liquid column and the surrounding liquid, respectively], the knowledge of the value CT during experiments is of paramount importance. The value of CT for silicone oils and methanol-water mixtures has been measured by Bisch, Lasek, and Rodot," and, according to these authors, the corresponding value for the silicone oil used would be (T = 0.0 135 N m -' . In our case the value of 0 has been determined by comparing the experimental frequencies of resonance corresponding to the first oscillation mode of cylindrical volume liquid bridges with those predicted by the three-dimensional model (which includes bath effects) developed by Sanz.2g*71 Since such a model only applies to liquid bridges in gravitationless conditions, these previous experiments were performed using short liquid bridges in order to minimize gravity effects. Other experimental conditions were equal disks (K = 1) and cylindrical volume. Experimental results are shown in Table I . In this table the values of the slenderness, A, and frequency of resonance,& are those measured during the experiments, whereas wb corresponds to the theoretical values calculated by Sanz7' for liquid bridges of the same slenderness placed in an outer medium of the same density (pi =po); note that in the theoretical case B = 0, so that these experiments have been performed with low slenderness liquid bridges, because in such configurations gravity effects are negligible, provided the value ofpo is close enough to that ofp,.
The values of tin Table I have been calculated by taking into account that the dimensionless pulsation, w, is related to the frequency,J through w,, = 27~f (p,R ;/o-)"~. (78) According to the values of g included in Table I , the average value 0 = 0.0125 N m ' has been taken for our experiments. This value is slightly smaller, some 7%, than the one reported by Bisch et al." 6. Influence of the amplitude of the disk oscillation on the response of the liquid bridge A preliminary set of experiments has been carried out, aiming to establish the relationship between the liquid bridge response and the amplitude of the perturbation. In these experiments the lower disk was sinusoidally oscillated according to the law (a/2) sin 2?rf t and the amplitude of the deformation of the liquid bridge interface at z = A/2 was measured. The working configuration was a liquid bridge of slenderness A = 2.35, dimensionless volume V= 14.8, and Bond number ranging from 0.028 (at the beginning of the tests) to 0.004 (end of the tests). The results obtained are plotted in Fig. 18 , where the vertical size of the different rectangles gives an estimation of the error in experimental values. The results corresponding to a = 0.46 mm and a = 1.24 mm are almost the same, which seems to indicate that in this range of values of a the liquid bridge response is linear. However, the experimental errors are much larger in the case a = 0.46 mm than in a = 1.24 mm, the reason being that for the same accuracy in measurements the relative error grows as the value of the measured magnitude decreases.
Concerning the tests made with a = 2.44 mm (the errors in this case are similar to those obtained with a = 1. model is only valid for almost cylindrical long liquid bridges ( V-27rA, A -G-) in an axial microgravity field (B -0). Under such circumstances Rivas and Meseguei? demonstrated that the equation that describes the liquid bridge interface evolution is the well-known Duffing equation, s,, +m, +&iS-&s3+j-gB=0, (79) where S is the amplitude of the interface deformation, which is assumed to be of the form S(z,t) = 1 f S(t) sin n-z/A, ,l is a reduced slenderness in which volume effects are included,
and t, B, and C are the dimensionless time, Bond number, and parameter of viscosity, respectively, already defined. Equation (79) admits a self-similar solution that allows the removal of the parameter/z from the formulation. However, in the following il is retained in order to clearly maintain the physical meaning of the different symbols. Let us assume that Bond number varies sinusoidally with time and that such time variation is obtained by moving both supporting disks instead of varying the value ofg (both effects are similar, as demonstrated in Sec. III). In such a case, ifa = a/2R, is the dimensionless amplitude of the oscillation of the disks and w the dimensionless pulsation, the acceleration of the liquid bridge would be (a&R& ) sin wt, where t, is the characteristic time, t, = (piR z/a) 1'2, and the Bond number
aa2 sin wt = ati sin wt. 
For the purposes of this explanation, it will be enough to solve approximately Eq. (82) by using some of the standard methods one can find in the literature.72 For instance, assuming the solution can be written as 8(t) = C S,, 1 sin(2p + l)wt,
and introducing the phase shift 9 in the forcing term, B = ati2 sin(wt + p>, the expression that relates ~5, with the perturbation ( Stoker72) becomes
The response of the liquid bridge, defined as the ratio of the interface deformation to the perturbation amplitude, S,/2a, has been plotted in Fig. 19 . These results have been obtained by taking C = 0.022 and il = 0.25, which are the values corresponding to the experimental configuration (A = 2.35, F'-2a-A). According to this simplified model, the peak of the liquid bridge response decreases as a increases, which coincides with the experimental behavior shown in Fig. 18 . Note that analytical results obtained through this simplified model are only qualitative because the model is only applicable when A -VT, far from the value of A = 2.35 used in experiments. Finally, according to Fig. 18 , it seems that the appropriated value for the amplitude of the disk oscillation is a = 1.24 mm, for which the liquid bridge response is still linear, or almost linear, and errors in measurements are acceptable.
C. Dynamic response of long liquid bridges
To compare with theoretical results obtained from the liquid bridge model already presented in Sets. II-IV, several experiments have been performed. In these experiments one of the supporting disks (the lower one) is harmonically oscillated, whereas the opposite disk remains at rest.
The experimental procedure was as follows: once a liquid bridge of the desired volume and slenderness is established its interface shape is determined and stored, as explained in Appendix B. Such an interface shape will be used later to accurately determine the volume of the liquid bridge (by integration of the interface shape along the z axis), as well as the value of the Bond number at the beginning and at the end of the experiments. Bond number is calculated by fitting theoretical equilibrium interface shapes of known volume, V, slenderness, A, and disks ratio, K, varying Bond number, B, to experimental interface shapes, trying to minimize the quadratic distance between them (Fig. 20) . The same procedure is repeated once an experimental sequence is finished, to obtain a measurement of the variation of the Bond number during such a sequence.
The dynamic response of the liquid bridge is obtained in real time as follows: since the image analysis system allows visualization in a computer screen of the variation with time of the liquid bridge diameter at some prefixed sections, as well as that of the axial displacement of the oscillating disk, once a selected frequency is set, and waiting some four or five cycles in order to reach steady conditions, the amplitude of the liquid bridge oscillation at the selected sections and the phase shift between the liquid bridge response (at selected sections) and disk oscillation are directly obtained by com- paring the two appropriated signals. In our case the selected sections were placed at z = -A/2, z = 0, and z = h/2; the vibrating disk was the one placed at z = -A, whereas the opposite disk, at z = A, was kept at rest. Once the values of amplitudes and phase shifts are stored a new value of the frequency is set and the above process repeated again.
The main characteristics of the two first runs performed are shown in Table II . Note that taking into account the values of the physical properties of the fluid configuration used (pi = 936 kg m--3, Y= 10m5 m2 set-', G= 0.0125 N m-', R, = 0.015 m), the value of the characteristic time results t, = 0.503 set and the viscosity parameter is C = 0.022. In all the experiments described in this section the peak amplitude of the disk oscillation was 1.24 mm. To compare experimental and analytical results it I should be taken into account that Bond number varies with time within an experimental sequence. This time variation of I B is due to alcohol evaporation, so that the density of the methanol-water mixture, pot increases with time. As can be observed in Table II , the absolute value of B decreases with time in both experiments. This means that, since both disks are equal in diameter, K = 1, in both cases the liquid bridge I configuration is more stable at the end of each one of the runs than at the beginning or, in other words, that the frequencies of resonance would be higher at the end of the experimental sequence than at the beginning ( Meseguer41). This dependence of the frequencies of resonance on the Bond number can be estimated by using the mathematical model presented in Sec. IV. For instance, in the run I case this model predicts for the dimensionless pulsation of resonance, w, corresponding to the first oscillation mode the value w =0.38 when B= -0.056 and w =0. maximum difference in the values of w, due to the variation of Bond number along the sequence, is of the order of 10%. Therefore the liquid bridge response could be theoretically calculated, assuming the Bond number varies with time, but this would introduce a new parameter, to be taken into account when comparing theoretical and experimental results. In the following experimental results are compared with theoretical ones calculated under the assumption that Bond number does not change with time, the reference value of B used in calculations being that measured at the beginning of the experimental sequences. This comparison is shown in Fig. 21 . In this plot the ratio of the peak amplitude of the interface oscillation at selected sections to the radius of the disks, A /R,,, has been represented as a function of the dimensionless pulsation, w, of the oscillating disk. As can be observed, experimental data show the same trends as theoretical results, although experiments give lower values of the frequencies of resonance than the Cosserat model, the differences increasing as the oscillation mode increases. These differences can be explained because of two reasons, at least. The first reason concerns nonlinear effects that become more and more important as o grows. The second reason deals with the effect of the outer bath in the frequencies of resonance. In effect, experimental results in Fig. 2 1 (a) have been obtained by using the neutral buoyancy technique, whereas in the mathematical model the effect of an outer liquid of the same density of the liquid bridge has not been considered.
The effect of the outer bath on the dynamics of liquid bridges was analyzed by Sanz29*71 in the case V= 271-A, B = 0, K = 1. According to this author the frequencies are smaller as the density, pO, of the surrounding bath increases, in such a way that when po--pi, provided the walls of the Plateau tank are far enough, the calculated frequency of resonance corresponding to the first mode is a fraction of the value calculated when pogpi, this fraction being 0.82 at A = 1 and 0.91 at A = 2.9. Unfortunately, the results obtained by Sanz29T71 only apply to cylindrical liquid bridges in gravitationless conditions, which are far from the fluid configurations used in our experiments. However, one could expect a similar behavior in the case V # 21rA and B # 0. For instance, experimental and theoretical results are compared again in Fig. 2 1 (b) , but in this case experimental results have been divided by appropriated factors to take into account bath effects. The factors used have been 0.95 (run I, A = 2.52) and 0.92 (run II, A = 2.30), close enough to the values calculated by Sanzz9*'i for cylindrical volume liquid bridges.
In any case, it should be pointed out that the mathematical model accurately predicts the experimental behavior, except in the resonances, in which the measured values of A /R, are much smaller than the predicted ones. This difference can be also explained if it is taken into account the effect of the surrounding bath, which introduces a damping on the liquid bridge dynamics, this damping effect being higher as the deformation of the liquid bridge interface increases.
In Fig. 22 the phase shift, p, between the oscillation of the forcing disk and that of the liquid bridge at section z = -A/2 has been represented. Experimental results cor- FIG. 22 . Phase shift, p, between the interface oscillation at section E = -Iv2 and the disk oscillation. Results corresponding to Run I (see Table II ). The line indicates theoretical results, whereas the symbols indicate corrected experimental ones. respond to run I, and in this case a correction factor for the frequencies equal to 0.95 has also been used. Also, in this case there is a very good agreement between theoretical and experimental results, which gives an idea of the accuracy of this Cosserat model in predicting the dynamics of axisymmetric liquid bridges. The phenomenon of the double crossing by p = n-/2 already mentioned in Sec. III can also be observed.
The influence of the volume on the first frequency of resonance is shown in Fig. 23 . In these additional experiments a liquid bridge with A = 2.30 was tested, the average value of Bond number during the experimental sequence being B = -0.07. In Fig. 23 the white circles indicate experimental results as measured, whereas the black circles are the same experimental values divided by 0.92 to take into account the effect of the surrounding bath.
Finally, in Table III , the frequencies of resonance measured aboard Spacelab-D 1 ( Meseguer4') are compared with the ones predicted by the Cosserat model for the same experimental configurations, and those calculated by Zhang and Alexander,45 by using a nonlinear slice model, which includes viscosity effects for the dynamics of cylindrical-volume liquid bridges. The nonlinear results lie between the (A7) This formulation must be completed with suitable boundary conditions for the axial and radial velocity at the disks and the condition of the anchoring of the interface to the edges of the disks, situated in a position given, in first approximation, by z = + A.
Since the problem under consideration concerns the dy- ; however, this is in contradiction with boundary condition (A5), which states that P-1. From this order of magnitude analysis it follows that the characteristic time of the phenomenon is not of order unity, as initially can be thought, but of order E-' (which is in agreement with the evolution times observed in capillary evolutions). Note that if C-1 the (s-' problem would give Worn + (l/r) Wo7 = 0, that is, W, = W,(y,t>, which, together with the above reasoning on the radial variation of W, seems to indicate that W, can be considered independent of r, not only for small viscosities and, consequently, it can be written as W= Wo(y,t) + 2W2(w,t) + **a .
(A19) For the radial velocity, V, taking into account the continuity equation, the expansion would be of the form V= -~rWoyCY,t) +2V2(y,r,t> + -0. . (A261 where it has been assumed that C-E. This formulation must be completed with the appropriate boundary and initial conditions. In order to generate the so-called Cosserat model two steps shall be followed: first, in the order unity problem some terms that are of i order will be retained [this is not inconsistent ifonly the O( 1) problem is solved]; and second, pressure terms will be eliminated from the formulation by using boundary conditions at the interface. The resulting O( 1) problemis (in the following the subscript "0"has been omitted and the primitive variables have been recovered) :
-+r(( W, + WW,>, -$-( w~)z) = -P, --J-rCW,,,
w, + ww, = -P, + cw,, Equation (A27) states that P, must be linear in r (and of order .?), so that momentum equations (A27) and (A28) suggest that pressure is of the form P(r,zJ> = IJAW + hiz,t),
where h(z,t) -1 and A(z,t) -iLgh(z,t). Introduction of this expression for Pin (A27) and (A28) gives (w,+~),-tcw~)*=Zq+CW,,,
w,+ww,= -Pj~Az-h,+CW,.
Observe that in Eq. (A34) all terms of order unity depend only on z and t, but there is an additional retained term of order 2, which depends on r, z, and t. To eliminate r from the formulation, Eq. (A34) is substituted by its integral over a slice, that is, F'( W, + WW,) = -dF4A, -F*h, + CF 'W,. (A35) Note that there are three unknowns: F(z,t), W(z,t), and P(r,z,t) [that is, A(z,t) and h(z,t) 1, and three equations: continuity equation and two momentum equations, (A33) and (A34). There are four boundary conditions at the disks (two at each one of the disks) and two more equations at the interface, (A29) and (A30). The formulation must be completed, of course, with suitable initial conditions.
To eliminate pressure terms from the formulation, boundary conditions at the interface are rewritten as the equilibrium of the stresses in axial direction and in radial direction, instead of in the normal direction, Eq. (A29), and in the tangential direction, Eq. (A30). These conditions are, in the radial direction, ing the video image obtained by a CCD camera. It is of the utmost importance to choose the illumination system suited to the desired application. In these experiments, due to the difference in refractive index between the outer bath (watermethanol mixture) and the fluid of the liquid bridge (silicone oil), it is easy to obtain a highly contrasted image by using a uniform background illumination for only half of the field, in such a way that, when seen from the camera side, the border of the illuminated region coincides with the projection of the liquid bridge axis (Fig. 24) . A typical brightness profile of a horizontal line of the picture shown in Fig. 24 can be seen in Fig. 25 . On the left side (d < -1.5 cm), the illuminated background region can be seen through the bath, whereas the right part (d > 1.5 cm) corresponds to the nonilluminated region. The liquid bridge borders can be seen as a narrow dark band in the bright side (the left border) and a narrow bright band in the dark one (the right border), These bands correspond to the nonilluminated and illuminated regions of the opposite half background seen through the liquid bridge, which acts as a lens. In this way, the interface shape can be determined by looking at the point where the sharp transition between bright and dark occurs. The image coming from the CCD camera, once digitized, is scanned line by line (the digitizer has a resolution of 5 12 lines of 5 12 pixels each) searching the pixels in which the transition from dark to bright occurs (the interface left border ) and from bright to dark (the right one). The interface is assumed to be in the point where the illumination is 80% of the maximum (for the left border) and 20% (for the right one), as indicated in Fig. 25 , and these points can be easily computed by linear interpolation between the grey levels of the two adjacent pixels. From this measurement the interface equilibrium shape can be determined (see Fig. 20 ) and stored in a few seconds. The recording of the liquid bridge evolution on a YTR has not been used because during analysis after the experiment it is difficult to synchronize consecutive images due to the degradation of the signal. Thus real time analysis has been preferred. Due to the limited computer capabilities, only the evolution with time of the diameter of given sections (three sections in the experiments performed) can be monitored at the video full rate (25 times per second).
